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Abstract. We present a method for furnishing flat Friedman-Robertson-Walker spacetimes with
nearly arbitrary dynamics in an important subclass of cubic Horndeski theory – specifically shift-
symmetric, cubic Horndeski theory with a vanishing conserved current. This builds on insight from
previous work on the construction of static and spherically-symmetric hairy spacetimes in the same
sector. The method is explicitly demonstrated by deriving exact analytical solutions describing an
inflating universe and several power-law expansion scenarios, and by showing how the predicted
evolution of the Hubble parameter in ΛCDM can be fit to a particular choice of Horndeski model
function. We fully characterize the classes of cosmological models that cannot be generated purely
by selecting a Horndeski model function.
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1 Introduction
There is no shortage of experimental support in making the case for general relativity (GR) as the
correct theory of gravity. Most recent among these is LIGO’s historic observation of gravitational
waves [1–5], which stands out not only for the technological breakthrough it represents, but also for
its promise of a new and exciting observational window to the cosmos. On much larger scales, the
accuracy of the ΛCDM model in describing the evolution of the universe is also touted by many as
another theoretical and experimental success of GR. However, the extrapolation of GR to all scales
can remain deeply unsettling to some, for reasons that are well-known, not least of which is the lack of
theoretical foundations for attendant elements such as dark matter and dark energy [6–9], the tension
between our theoretical expectations for the cosmological constant and its observed value [10–12],
and GR’s famous incompatibility with quantum mechanics [13–20]. All these puzzles suggest that
GR is far from giving us the final chapter in the ongoing story of gravity.
The hope persists that one’s fix for the problems of GR at small scales will also translate into an
effective theory of alternative/modified gravity on galactic and cosmological scales with no need for
dark matter and/or dark energy. But one of the major challenges of this framework is that, in going
from very short to very long length scales, it has to be able to bypass solar-systems length scales where
GR works extremely well. Certain screening mechanisms allow some alternative gravity theories to
do precisely this [21–27], and the study of alternative gravity theories and their phenomenology
remains an area of active research.
The simplest gravity theory encompassing GR as an effective field theory is a scalar-tensor
theory [26–49]. In this class of theories, a cosmologically-active dark energy degree of freedom
is attached to a scalar field. Horndeski gravity, rediscovered as generalized galileons, is the most
general scalar-tensor theory with second-order field equations, thus, evading Ostrogradski instabilities
arising from the Hamiltonian being unbounded from below [36–39]. Theories beyond Horndeski and
DHOST theories are scalar-tensor theories with higher-order field equations but with a degeneracy
that allows the evasion of Ostrogradsky instabilities. [40–43].
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Horndeski gravity is interesting for a number of reasons. For one, it carries a rather large
parameter space that supports a broad phenomenology – for instance, an inflationary scenario with
no need of a cosmological constant [44–46]. Some of its sectors also support hairy black holes
[50–65], and with them the potential for discriminators between gravity theories in the strong-field
regime. Among the most widely studied non-GR subsets of Horndeski theory are quintessence, k-
essence, kinetic braiding, covariant galileons, Brans-Dicke, Gauss-Bonnet gravity, and theories with
derivative coupling to the Einstein tensor [26–35].
The neutron star collision marked by gravitational wave event GW170817 [5] has dramatically
changed the landscape of alternative gravity, and specifically, Horndeski theory. In our view, it has
essentially wiped out Horndeski sectors whose tensor modes propagate differently from the speed of
light [66–71]. These are its quartic and quintic sectors, which include theories with derivative cou-
pling to the Einstein tensor, Gauss-Bonnet theory, and the quartic and quintic covariant galileons. The
quadratic and cubic Horndeski sectors that evade GW170817 constraints have thus become the focus
of more intense scrutiny. Much recent effort has been devoted to exploring their cosmological pre-
dictions for the cosmic microwave background, baryon acoustic oscillation, integrated Sachs-Wolfe
effect, and weak lensing [72–78]. These surviving quadratic and cubic sectors include quintessence,
k-essence, cubic galileon, and kinetic gravity braiding.
The task at hand consists of placing further observational and theoretical constraints on quadratic
and cubic model functions [76–82]. One way to proceed is to use the dark energy effective field the-
ory dictionary [80–87] which translates Horndeski theories and beyond to cosmological effective field
theory parameters which are directly tied to observations. However, in spite of these advances and the
strong constraints set by GW170817, the vast majority of Horndeski theories still remain relatively
unscathed.
In this paper, we present a method for constructing exact background cosmologies in cubic shift-
symmetric Horndeski theories with a vanishing scalar current1. This GW170817-surviving sector is
particularly interesting because it houses hairy black holes and has recently been identified as No Run
Gravity [89–91] – a possible endgame for scalar-tensor theories if future cosmological data reveal
no notable deviation from GR. With this method we can select nearly any cosmological dynamics
and determine the unique cubic Horndeski model (with zero scalar current) that supports it. This is
analogous to what is possible in quintessence models or GR plus a single scalar field in a potential.
In contrast to quintessence though, where both the potential function, V , and its derivative enter
the field equations, cubic shift-symmetric Horndeski with vanishing scalar current contains only a
single free function, GX , in its field equations. The background field equations of the latter are
thus more tractable. As a result, whereas determining the quintessence potential for a given Hubble
parameter evolution generally involves the numerical inversion of an integral, building the analogous
cubic Horndeski theory involves solely algebraic steps. The simplicity of the field equations allows
us to build compact, exact and analytical expressions for cubic Horndeski theories that admit typical
cosmological evolutions such as inflation and power-law expansions.
The rest of the paper proceeds as follows. In Section 2, we set the stage with a brief overview
of Horndeski theory and current constraints. In Section 3.1, we derive the field equations of shift-
symmetric cubic Horndeski with a vanishing scalar current. Then we outline the method by first
illustrating how an inflationary scenario can be tailored into a cubic Horndeski theory (Section 3.2)
and derive the necessary conditions (Section 3.3) from which we formulate a recipe for assigning
1While writing this manuscript, Ref. [88] appeared in the arXiv showing similar results. Specifically, it shows how
GR’s cosmological solutions associated with matter, radiation, and vacuum-dominated eras can be assigned to scalar-tensor
Gauss-Bonnet gravity theories. Our work complements this by covering a different, and arguably more phenomenologically
interesting, sector of Horndeski theory.
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(almost) any given scale factor or Hubble parameter evolution to a cubic Horndeski theory (Section
3.4). As a direct application of the recipe, we present compact expressions for Horndeski theories
describing power-law expanding universes (Section 3.5) and fit ΛCDM’s predicted scale factor evo-
lution to a cubic Horndeski theory (Section 3.6). We also show that a nondynamical dark energy
equation of state wφ = −1 is incompatible in cubic shift-symmetric Horndeski theory with vanishing
scalar current (Section 3.7). We end the paper with a summary of our results and a discussion of
possible future work.
We work with a mostly plus signature (−,+,+,+) and adopt geometric units in which G =
c = 1.
2 Cubic Horndeski theory
Horndeski theory or generalized galileon theory [26–28, 36] is described by the action
S =
∫
d4x
√−g [L2 + L3 + L4 + L5] (2.1)
where
L2 = G2 (2.2)
L3 = −G3✷φ (2.3)
L4 = G4R+G4X
[
(✷φ)2 − (∇µ∇νφ)2
]
(2.4)
L5 = G5Gµν (∇µ∇νφ)− 1
6
G5X
[
(✷φ)3 − 3✷φ (∇µ∇νφ)2 + 2 (∇µ∇νφ)3
]
(2.5)
where Gi = Gi (φ,X) are arbitrary functions of the scalar field φ and its kinetic density X =
−gαβ (∂αφ) (∂βφ) /2. The shift-symmetric sector of the theory corresponds to the choiceGi (φ,X) =
Gi (X) and, in this case, the equations of motion of the metric and scalar field can be written as
Gαβ = 8πTαβ (2.6)
∇αJα = 0 (2.7)
where Tαβ encodes the stress-energy tensor of both the matter and the scalar field sectors and J
α is
the Noether current arising from the shift-symmetry φ → φ + φ0 where φ0 is a constant. Being the
most general scalar-tensor theory that evades Ostrogradski instabilities [26–28], Horndeski theory
has been shown to accommodate a very rich phenomenology. Its covariant galileon limit is particu-
larly interesting because it can account for cosmic acceleration without the need for a cosmological
constant [47–49]. Well-known scalar-tensor theories such as quintessence, k-essence, kinetic gravity
braiding, Brans-Dicke theory, covariant galileons, Gauss-Bonnet theory, and GR are all special cases
of Horndeski theory [26–35].
Current constraints on Horndeski theory include LIGO’s observation that the tensor speed ex-
cess, which measures the deviation of the speed of gravitational waves from that of light, vanishes
with an uncertainty of one part in 1015 [5]. This disfavors most of the quartic and quintic sectors
(terms with G4 and G5) of the theory while leaving the quadratic and cubic sectors (terms with
G2 and G3) unconstrained. The latter sectors, which include GR, quintessence and k-essence, ki-
netic gravity braiding, and Brans-Dicke sectors, all predict tensor perturbations that propagate at
the speed of light [66–71]. It must be noted that some work has shown the cubic galileon sector,
G3 ∼ X, to be inconsistent with the cosmic microwave background, baryon acoustic oscillations,
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and the integrated-Sachs-Wolfe effect. There are similar claims that the covariant galileon model(
G2 ∼ G3 ∼ X,G4 ∼ G5 ∼ X2
)
is statistically ruled out by cosmological data including weak lens-
ing [72–75]. Furthermore, recent studies have also shown that our best cosmological data on the cos-
mic microwave background and baryon acoustic oscillations cannot fully rule out Horndeski theory
[76–78]. Nonetheless, due to the tightening of constraints in some Horndeski sectors, the community
has increasingly narrowed its focus on the surviving quadratic and cubic sectors [81, 82, 89–96]. For
instance, kinetic gravity braiding was narrowed down as No Run Gravity [89–91] – which might
be scalar-tensor theories’ final stand if future precision observations are able to pin the tensor speed
excess, gravitational slip, and Planck mass run rate to zero. Stronger model-independent constraints
are expected to come in the near future as more precision experiments reach their conclusion.
For the rest of the paper, we shall focus on the Horndeski sector defined by the action
S =
∫
d4x
√−g [R+ (X − 2Λ)−G (X)✷φ] (2.8)
or, equivalently, by
G2 = X − 2Λ, (2.9)
G3 = G(X), (2.10)
G4 = 1, (2.11)
where Λ is a cosmological constant and G is an arbitrary function of the kinetic density that we refer
to as the cubic model function. This is a subset of kinetic gravity braiding. We note here that we
treat the cosmological constant Λ in Eq. (2.8) as part of the scalar sector of the theory. Later on, we
shall introduce another cosmological constant which enters the matter sector as a perfect fluid with
negative pressure. It is the model dependence on the kinetic density, i.e. G(X), that prevents cubic
Horndeski from being physically equivalent to k-essence where there is an arbitrary model function
K instead for the quadratic Horndeski sector [32]. The scalar field’s stress-energy tensor and the
conserved scalar current arising due to shift symmetry can be shown to be
8πTαβ =
1
2
(X − 2Λ) gαβ + 1
2
(∂αφ) (∂βφ)
+
[
− 1
2
GX✷φ (∂αφ) (∂βφ) +
1
2
Gµ (∇µφ) gαβ −G(α
(
∂β)φ
) ]
,
(2.12)
and
Jα = − (∇αφ) [1−GX✷φ] +GX (∇αX) , (2.13)
where Gα = ∂αG and GX = dG/dX. Not only is this theory phenomenologically interesting, it is
also more analytically tractable compared to quintessence or single-scalar field potential models since
there is only a single free function entering the field equations. In what follows, we will show that it is
possible to fit any Hubble evolution into a cubic Horndeski theory with a vanishing scalar current. The
vanishing of the scalar current is a common physical constraint imposed when obtaining black hole
solutions and cosmological solutions in shift-symmetric Horndeski theory [50–65]. In black holes,
this constraint arises from requiring regularity of the current, JµJ
µ = (Jr)2 /f(r), particularly at the
event horizon. Asymptotic flatness for galileon black holes then leads to the condition that Jr = 0
everywhere. In the context of cosmology, a vanishing scalar current is conveniently assumed in order
to automatically satistfy the scalar field equation, as is done in by Babichev in Ref. [57].
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3 Designer cosmologies in cubic Horndeski
In this section, we lay down the main results of the paper. We begin by reviewing the standard field
equations in Section 3.1. In the next section, we work on a concrete example of our approach by
building an inflationary spacetime in a cubic Horndeski theory. In Section 3.3, we derive model-
independent necessary conditions central to our cosmology-building strategy, which is subsequently
detailed in Section 3.4. We then apply the recipe to determine cubic Horndeski theories that give
rise to various cosmological dynamics, specifically power-law scale evolution (Section 3.5) and even
ΛCDM (Section 3.6). On a slightly different note, we use the necessary conditions to show that a
nondynamical dark energy equation of state, wφ = −1, cannot result from a cubic Horndeski theory
with vanishing scalar current (Section3.7).
3.1 Background field equations
Consider the spatially-flat Friedmann-Robertson-Walker (FRW) background with the line element
ds2 = −dt2 + a(t)2d~x2 (3.1)
where a(t) is the scale factor. We shall work out the Einstein field equations with both the scalar
field, Tαβ , and a perfect fluid matter source, T
(M)
αβ :
Gαβ = 8π
(
Tαβ + T
(M)
αβ
)
. (3.2)
The scalar field sector’s stress-energy tensor for the general kinetic gravity braiding theory is given
by [58]
8πT
(φ)
αβ =
1
2
G2gαβ +
1
2
G2X (∂αφ) (∂βφ)
+
[
− 1
2
G3X✷φ (∂αφ) (∂βφ) +
1
2
G3µ (∂
µφ) gαβ −G3(α
(
∂β)φ
) ] (3.3)
and the perfect fluid stress-energy tensor is given by
T
(M)
αβ = (ρ+ P )u
αuβ + Pgαβ (3.4)
where ρ and P are the perfect fluid’s energy density and pressure, respectively. We also assume that
the scalar field possesses the same symmetry as the background:
φ = φ(t). (3.5)
As always, we consider the perfect fluid to be comoving with the background, i.e.
uα = (1, 0, 0, 0) = δα0 (3.6)
uα = (−1, 0, 0, 0) = −δ0α. (3.7)
The metric and the stress-energy tensor of the perfect fluid can be written down as
gαβ = −δ0αδ0β + a(t)2
(
δαβ − δ0αδ0β
)
(3.8)
and
T
(M)
αβ = ρδ
0
αδ
0
β + Pa
2
(
δαβ − δ0αδ0β
)
, (3.9)
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respectively. Similarly, the Einstein tensor can be written as
Gαβ = 3
(
a˙
a
)2
δ0αδ
0
β +
(−a˙2 − 2aa¨) (δαβ − δ0αδ0β) (3.10)
and the stress-energy tensor of the scalar field can be written as
8πT
(φ)
αβ =
1
2
[
−G2 +G2X φ˙2 + 3G3X a˙
a
φ˙3 −G3φφ˙2
]
δ0αδ
0
β
+
a2
2
[
G2 −
(
G3φ +G3X φ¨
)
φ˙2
] (
δαβ − δ0αδ0β
)
.
(3.11)
The fact that the Einstein tensor and the stress-energy tensors for the scalar and matter fields have the
same form as the metric is a consequence of the isotropy and homogeneity inherent in the background.
By matching Eqs. (3.10), (3.11), and (3.9) according to Eq. (3.2), we then obtain
3
(
a˙
a
)2
= 8πρ+
1
2
(
−G2 +G2X φ˙2 + 3G3X a˙
a
φ˙3 −G3φφ˙2
)
(3.12)
for the time component and
− a˙2 − 2aa¨ = 8πPa2 + a
2
2
[
G2 −
(
G3φ +G3X φ¨
)
φ˙2
]
(3.13)
for the spatial components. Inseting the Hubble parameter
H =
a˙
a
(3.14)
in place of the scale factor a, we can equivalently write down the field equations as
3H2 = 8πρtotal (3.15)
2H˙ + 3H2 = −8πPtotal (3.16)
where
ρtotal = ρ+ ρφ (3.17)
Ptotal = P + Pφ (3.18)
ρφ =
1
16π
(
−G2 +G2X φ˙2 + 3G3X a˙
a
φ˙3 −G3φφ˙2
)
(3.19)
Pφ =
1
16π
[
G2 −
(
G3φ +G3X φ¨
)
φ˙2
]
. (3.20)
From the above expressions for the pressure and the energy density of the scalar, the dark energy
equation of state can be written down as
wφ = −1 +
G2X φ˙
2 − 2G3φφ˙2 +
(
3Hφ˙− φ¨
)
φ˙2G3X
−G2 +G2X φ˙2 + 3G3XHφ˙3 −G3φφ˙2
. (3.21)
This expression agrees with Ref. [29] except for the sign of the cubic model function.
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Using the field equations, we can obtain
H˙ +H2 = −4π
3
(ρtotal + 3Ptotal) . (3.22)
Eqs. (3.15) and (3.22) are the first and second Friedmann equations. These equations look exactly like
their GR counterparts except that there is a scalar field contribution to the energy density and pressure.
As usual, the first and second Friedmann equations do not make a closed set of equations that can be
readily integrated and one must first specify an equation of state that is usually parametrized as,
P = wρ, (3.23)
where w is, in general, a time-dependent function. In GR, there are two field equations which can
be integrated for the density ρ and the Hubble parameter H . In Horndeski gravity, the scalar field
also satisfies a field equation that couples its dynamical evolution with the metric. In this case, the
Friedmann equations and the scalar field equation have to be integrated for the density ρ, the Hubble
parameter H , and the scalar field φ. In what follows, we consider the shift-symmetric sector of cubic
Horndeski that is equipped with the scalar current [55]
Jα(x) = − (∂αφ) [G2X −G3X✷φ] +G3X (∂αX) . (3.24)
In the FRW setting with a spatially-uniform scalar field, this scalar current reduces to
Jα(x) = δα0 φ˙
[
G2X + 3G3XHφ˙
]
. (3.25)
There is only a time component because of the symmetries of the background and the scalar field. The
solutions presented in this paper and their Horndeski theories are restricted to the space of solutions
with vanishing scalar current [57]. Such a restriction is not necessary but is required for one to
evade the no-hair theorem for galileons and thus to accommodate hairy black holes [50–65]. For the
cosmological context we are presently concerned with, the vanishing of scalar current given by Eq.
(3.25) implies that either φ˙ = 0 or G2X + 3G3XHφ˙ = 0. The former option just recovers GR,
since a constant scalar field has a vanishing stress-energy tensor. We shall not be concerned with
this branch, even though it might still be interesting if one studies perturbations. For the rest of this
paper, we shall focus our attention to the other branch where the cosmological spacetime might be
equipped with a nontrivial scalar field. This non-GR branch also contains the hairy black holes in
shift-symmetric Horndeski theory [50–65].
Setting G2X + 3G3XHφ˙ = 0, the field equations reduce to
3H2 = 8πρ+
1
2
(
φ˙2
2
+ 2Λ + 3GXHφ˙
3
)
(3.26)
H˙ +H2 = −4π
3
ρ (1 + 3w) − φ˙
2
6
(3.27)
+
Λ
3
+
1
4
GX φ˙
2
(
φ¨−Hφ˙
)
1 + 3GXHφ˙ = 0. (3.28)
In what follows, we shall manipulate these field equations, first by using Eq. (3.28) to remove the
model dependences, represented by GX , in the Friedmann equations. One of the model-independent
Friedmann equations will then be used to remove one of the three variables, (H, ρ, φ), that appears
in the other equations. For static and spherically-symmetric solutions, this sequence of steps left us
with an equation that also holds in GR [96]. This also happens in the present cosmological context,
where we shall be led to what corresponds to the conservation of energy.
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3.2 An inflationary solution
Before laying down the recipe, let us first carry out these steps explicitly for the concrete de Sitter
case, where the Hubble parameter H has the constant value Hi or, alternatively,
a(t) = ai exp(Hit). (3.29)
In the de Sitter limit the field equations become
3H2i = 8πρ+
1
2
(
φ˙2
2
+ 2Λ + 3GXHiφ˙
3
)
(3.30)
H2i = −
4π
3
ρ (1 + 3w) − φ˙
2
6
(3.31)
+
Λ
3
+
1
4
GX φ˙
2
(
φ¨−Hiφ˙
)
(3.32)
1 + 3GXHiφ˙ = 0. (3.33)
With the aid of Eq. (3.33) to remove GX in Eqs. (3.30) and (3.31) we then get
3H2i = 8πρ+
1
2
(
− φ˙
2
2
+ 2Λ
)
(3.34)
H2i = −
4π
3
ρ (1 + 3w) +
1
6
[
− φ˙
2
2
+ 2Λ
]
− φ˙φ¨
12Hi
. (3.35)
Eliminating the density ρ gives
φ˙φ¨+
3
2
Hi (1 + w) φ˙
2 = −3Hi (1 + w)
(
6H2i − 2Λ
)
(3.36)
which is a first-order differential equation for φ˙. The solution to this is given by
φ˙2 = e−3Hit(1+w)+2K − 12H2i + 4Λ (3.37)
whereK is an integration constant. It is easy to verify that this also satisfies the field equations given
by Eqs. (3.34) and (3.35), valid in the space where the time component of the scalar current vanishes,
with the perfect fluid energy density
ρ =
1
32π
e−3Hit(1+w)+2K . (3.38)
Having been derived from model-independent necessary conditions, the solutions presented here for
φ and ρ are, respectively, the only possible scalar field and perfect fluid energy density compatible
with the de Sitter expansion. To associate the solutions with a cubic Horndeski theory requires Eq.
(3.33) which, in this case, leads to
GX = − 1
3Hi
√
2X
(3.39)
or equivalently
G(X) = −
√
2X
3Hi
+ C (3.40)
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where C is another integration constant. The addition of the integration constant C is for complete-
ness since a constant G3 term in the Horndeski action can be eliminated using integration by parts. It
is easy to verify that the original field equations are satisfied by the solutions presented above.
It is useful to note that, apart from imposing that w be a constant, we did not have to specify
the component of the perfect fluid. The inflationary scenario presented by Eqs. (3.29), (3.37), (3.38),
and (3.40) holds for any matter perfect fluid equation of state and contains two arbitrary integration
constants. An interesting and useful feature of the theory given by Eq. (3.40) is that the model
function is independent of the equation of state and the integration constant K 2. This makes it
possible for matter or radiation, or any fluid component, to drive the inflationary scenario given by
Eq. (3.29). The scalar field or the dark energy density is given by
ρφ =
1
16π
(
6H2i −
1
2
e−3Hit(1+w)+2K
)
(3.41)
and the total energy density is
ρtotal =
3H2i
8π
. (3.42)
For baryonic and radiative material, the perfect fluid and scalar field energy densities decline expo-
nentially while the total energy density is kept constant. When the perfect fluid acts as a cosmological
constant, matter with negative pressure and equation of state w = −1, we obtain the same picture
as in GR: the matter and scalar field energy densities are both constant in time so naturally the total
energy density is a constant.
The dark energy equation of state can be shown to be
wφ = −1 + 1 + w
1− 12H2i e3Hit(1+w)−2K
. (3.43)
The dark energy equation of state wφ is constrained to be very close to −1. We see from Eq. (3.43)
that if the perfect fluid component is a cosmological constant, w = −1, then the dark energy equation
of state is the same as the perfect fluid. In this case, the scalar field’s kinetic energy and energy den-
sities reduce to a constant and are indistinguishable from the matter sector’s cosmological constant.
The scalar field sector is then absorbed into the matter sector and the theory simply reduces to GR.
We can also use Eq. (3.43) to see what other fluid components can source an observed accelerated
expansion. Other than using a cosmological constant fluid to get the dark energy equation of state
wφ close to −1, the theory allows us to choose the integration constant K to be a very large negative
number so as to make the second term in Eq. (3.43) negligible compared to unity. In this limit, the
perfect fluid energy density becomes exponentially suppressed, ρ ∼ e−2|K|, while the dark energy
density approaches the expansion’s energy, ρφ ∼ 3H2i /8π. The other limit where the integration
constant K approaches a large positive value leads to wφ ∼ w while the matter and dark energy
densities exponentially blow up while keeping ρφ/ρ ∼ −1.
3.3 Necessary conditions for cosmological solutions
We can generalize the foregoing calculation. In this section and the next, we derive necessary condi-
tions for cosmological solutions arising from the field equations, and with these formulate a recipe for
2For static and spherically-symmetric spacetimes [96], the method usually leads to integration constants that have to be
fixed later on with the theory parameters.
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engineering cosmological solutions in cubic Horndeski. As already hinted at in the previous section,
our first step is to use Eq. (3.28) to eliminate GX in the Friedmann equations to obtain
3H2 = 8πρ+
1
2
(
− φ˙
2
2
+ 2Λ
)
(3.44)
H˙ +H2 = −4π
3
ρ (1 + 3w) +
Λ
3
− φ˙
2
12
− φ˙φ¨
12H
. (3.45)
These are necessary conditions demanded by the Friedmann equations in the space of solutions with
a vanishing scalar current. Eq. (3.44) supplies us with an expression for the kinetic density in terms
of the Hubble parameter:
X = 16πρ− 6H2 + 2Λ. (3.46)
In building the theory compatible with a given Hubble parameter, H(t), this is the expression that
we have to invert to t(X) to write down H(X) and obtain the model function from Eq. (3.28). But
before this, we need to know H(t) and ρ(t) because we want to write down the kinetic density X
explicitly as a function of the time coordinate t. Using Eq. (3.44) to eliminate φ in Eq. (3.45) we
obtain
ρ˙
ρ
+ 3 (1 + w)H = 0. (3.47)
The appearance of Eq. (3.47), which is just the statement of conservation of energy of the perfect
fluid in GR, is both surprising and not surprising. For one, a GR-valid constraint also results when
formulating the analogous recipe for dressing static and spherically-symmetric spacetimes with scalar
hair [96]. It may also be argued to be unsurprising though considering that we are working in the
Jordan frame where there is no direct coupling between the scalar field and matter fields. Thus,
matter follows the same path as it would in GR with the same background. Other than this we
can question why it is not the conservation of total stress-energy, which is guaranteed by one of
the Bianchi identity, that appears instead of conservation of matter stress-energy only. The answer
seems to be that the scalar and matter stress-energy tensors are separately conserved in the Horndeski
sector that we are working in so that the conservation of matter stress-energy is equivalent to the
conservation of total stress-energy.
Recall that the Bianchi identity guarantees conservation of the total stress-energy tensor:
∇β
(
T (φ)αβ + T (M)αβ
)
= 0, (3.48)
where T (φ)αβ and T (M)αβ are the scalar and matter sectors stress-energy tensors, respectively. The
fluid is, of course, subject to dynamics of its own so that we have
∇βT (M)αβ = 0 (3.49)
and a conservation of mass statement ∇β (ρ0uα) = 0 where ρ0 stands for the mass density of the
fluid. The conservation of energy statement given by Eq. (3.47) is, of course, nothing by the time
component of Eq. (3.49). It follows from Eq. (3.48) that the stress-energy tensor of the scalar is
separately conserved from matter. Thus, we also have
∇βT (φ)αβ = 0. (3.50)
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The interaction of the matter and the scalar field is only indirectly through the metric tensor. We’ll
explicitly show that the time component of Eq. (3.50) is satisfied. First, we note that
8πT (φ)αβ =
1
2
[
−G2 +G2X φ˙2 + 3G3X a˙
a
φ˙3
]
δα0 δ
β
0
+
1
2a2
[
G2 −G3X φ¨φ˙2
] (
δαβ − δα0 δβ0
)
.
(3.51)
Also, the time component of the conservation of stress-energy, ∇βT (φ)αβ = 0, can be written as
˙T 00 + 3HT 00 +
∑
i
(
ΓtiiT
ii
)
= 0. (3.52)
In the space of solutions satisfying Eq. (3.28), it can be shown that
8πT (φ)00 = − φ˙
2
4
+ Λ (3.53)
8πT˙ (φ)00 = −1
2
φ˙φ¨ (3.54)
8π
∑
i
(
ΓtiiT
ii
)
= 3
[
φ˙φ¨
6
+
(
−Λ+ φ˙
2
4
)
H
]
. (3.55)
Finally,
˙T 00 + 3HT 00 +
∑
i
(
ΓtiiT
ii
)
=− 1
2
φ˙φ¨+ 3H
(
− φ˙
2
4
+ Λ
)
+ 3
[
φ˙φ¨
6
+
(
−Λ+ φ˙
2
4
)
H
]
.
(3.56)
The right hand side vanishes exactly as expected, thus, we have
∇βT (φ)0β = 0. (3.57)
This explains the appearance of Eq. (3.47).
3.4 Recipe for cosmological solutions
In summary, the necessary conditions for building cosmological solutions are
ρ˙
ρ
[H] = −3 (1 + w)H (3.58)
X [H] = 16πρ [H]− 6H2 + 2Λ (3.59)
GX [H] = −1/3Hφ˙ [H] . (3.60)
The strategy for building exact cosmological scenarios is analogous to what we previously laid out
for dressing static and spherically-symmetric spacetimes with scalar hair in the same shift-symmetric
cubic Horndeski sector [96].
First, we choose a cosmological evolution, H(t) (e.g. for inflation,H(t) is a constant), and then
solve Eq. (3.58) for the perfect fluid energy density. HavingH(t) and ρ(t) then allows us to build the
kinetic density X(t) using Eq. (3.59). The kinetic density is the only other contribution to the dark
energy density of the theory apart from the cosmological constant Λ. The remaining condition, Eq.
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(3.60), can be put to good use by exploiting the shift-symmetric restriction that the model function
GX depends only on the kinetic density of the scalar field. This is the essential insight that allows
us to generate cubic Horndeski theories with static and spherically-symmetric spacetimes equipped
with nontrivial scalar field profiles. After inverting the expression X(t), obtained from the previous
step, we then use Eq. (3.60) to build the only cubic Horndeski theory that accepts the cosmological
scenario specified by H(t), the matter density ρ(t), and the scalar hair X(t). It can be verified that
the solutions built in this way, exploiting model-independent necessary conditions, indeed satisfy the
model-dependent Friedmann equations (Eqs. (3.26) and (3.27)). The scalar field equation is naturally
satisfied since we are working in the sector of Horndeski theory with vanishing scalar current.
If the cosmological scenario describes an accelerating universe, the dark energy equation of
state is given by
wφ =
Pφ
ρφ
= −1− 1
3
ρ˙φ/ρφ
H
(3.61)
where
ρφ = − 1
16π
(X − 2Λ) (3.62)
Pφ =
1
16π
[
(X − 2Λ) + X˙
3H
]
. (3.63)
The above expressions for the dark energy density and pressure are valid in the space of solutions
with vanishing scalar current.
3.5 Application: power-law expanding universes
We present an application of the recipe by associating the cosmological scenario described by
a(t) = ai
(
t
ti
)n
(3.64)
where ai and ti are constants to a cubic Horndeski theory. This cosmological scenario encompasses
the matter (n = 2/3) and radiation (n = 1/2) dominated scenarios in GR. The Hubble parameter
following this is simply
H(t) =
n
t
. (3.65)
Substituting this into Eq. (3.58) and solving the resulting differential equation leads to
ρ(t) = bt−3n(1+w) (3.66)
where b is an integration constant. With Eq. (3.59), the kinetic density is then given by
X = 2Λ− 6n
2
t2
+ 16πbt−3n(1+w). (3.67)
Obviously, X(t) can be numerically inverted to obtain t(X). Thus, we can use Eq. (3.60) to build
the only model function
GX = − 1
3
√
2X
1
H (t (X))
(3.68)
compatible with the cosmological scenario given by Eq. (3.64). Moreover, the inversion can per-
formed analytically for 3n (1 + w) = −1, 0, 1, 2, 3, 4. GR’s cosmological picture is part of these
analytically solvable cases as we now explicitly show.
– 12 –
For GR’s matter-dominated scenario, w = 0 and n = 2/3, the kinetic density becomes
X = 2Λ−
(
8
3
− 16πb
)
1
t2
. (3.69)
This is easy to invert for t(X) and so the resulting model function is given by
GX = −
√−1 + 6πb√
3X
√
X − 2Λ (3.70)
or
G(X) = − 2√
3
√
−1 + 6πb ln
(√
X − 2Λ +
√
X
)
+ C (3.71)
where C is an integration constant. We see here that b must satisfy the constraint b > 1/6π for the
model function to be real. For GR’s radiation-dominated case, w = 1/3 and n = 1/2, the kinetic
density becomes
X = 2Λ−
(
3
2
− 16πb
)
1
t2
. (3.72)
This almost looks like the kinetic density for the previous GR matter-dominated scenario except that
the term 3/2 in the parenthesis appears instead of 8/3. The model is as easy to construct as well and
the result is
GX = −
√−3 + 32πb
3
√
X
√
X − 2λ (3.73)
or
G(X) = −2
3
√
−3 + 32πb ln
(√
X − 2Λ +
√
X
)
+ C (3.74)
where C is an integration constant. In this case, b has to satisfy b > 3/32π for the model to be real.
These explicit examples reveal the cubic Horndeski theories that can equally-well describe power-law
expanding universes in GR.
We summarize in Table 1 the other cases for which it is still practical to write down the model
function for the generic power-law expanding universe scenerio described by Eq. (3.64). GR’s matter
Table 1. Some cubic model functions for Eq. (3.64).
k = 3n (1 + w) model function GX
0 −1/√3X
√
16πb− (X − 2Λ)
1 −
(
8πb+
√
−6n2 (X − 2Λ) + 64π2b2
)
/3
√
2n
√
X (X − 2Λ)
2 −√−3n2 + 8πb/3n√X√X − 2Λ
4 −
√
−3n2 +
√
9n4 + 16πb(X − 2Λ)/
(
3
√
2n
√
X
√
X − 2Λ
)
and radiation dominated scenarios belong to the case k = 2. The model function for cases k = −1
and k = 3 can be analytically written down; however, the expressions are unwieldy and uninformative
so we did not include them in Table 1. The case k = 3n (1 + w) = 0 is particularly interesting
since the exponent n quantifying the rate of the expansion does not appear in the model function
defining the cubic Horndeski theory. Leaving out the case of n = 0 (non-expanding universe), the
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more interesting case here seems to be w = −1 which is when the matter perfect fluid is dominated
by a contribution from a cosmological constant. The case k = 0 shows that it is possible for a
cosmological constant perfect fluid to drive an expansion such as Eq. (3.64) that we typically associate
with other fluid components, e.g. matter or radiation, in GR. The exponent n for the k = 0 case is
not fixed by the theory or the model.
3.6 Application: cubic Horndeski model for ΛCDM’s Hubble evolution
For our next application of the recipe, we show that we can assign ΛCDM’s predicted scale factor
evolution into a cubic Horndeski model. Figure 1 shows ΛCDM’s prediction of the scale factor
and the Hubble parameter as a function of time. This is obtained by integrating GR’s Friedmann
equations with the matter and dark energy fractional densities determined by the Planck mission (see,
for example, Table 2 of Ref. [97]). In Fig. 1, the present value of the Hubble parameter is set to
unity so that time is in units of 14 billion years (Gyr). Inserting either the scale factor or the Hubble
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Figure 1. Evolution of ΛCDM scale factor and Hubble parameter.
parameter in Fig. 1 as data for Eq. (3.59), the integration of the necessary conditions for matter
(w = 0) and radiation (w = 1/3) both with Λ = 21 and for vacuum (w = −1) with Λ = 3081
leads to the kinetic density, perfect fluid energy density, dark energy density, and total energy density
displayed in Fig. 2. The choice of Λ is not arbitrary and was determined to be the minimum value
to keep the kinetic density positive and associate a real cubic Horndeski theory. We note that in
referring to the equation of state w = −1 we are referring as well to a cosmological constant term
that enters the theory through the matter sector and is independent of the cosmological constant Λ
that is inherently included in the scalar field sector through the action given by Eq. (2.8). The results
show that, for any component of the perfect fluid, the energy densities generally drop in time which
is expected given the adiabatic expansion of the universe. Even in cubic shift-symmetric Horndeski
theory with the vanishing scalar current, the expansion has to be adiabatic since we obtained Eq.
(3.58) as a necessary condition for the solutions. Thus, the energy needed to expand has to be taken
away from the internal energy, in this case, in the form of the cosmic fluid. A possibly surprising
feature of the solutions presented in figure 2 is that the total energy density seems to be independent
of the component of the cosmic fluid. The independence of the total energy density on the equation
of state of the matter sector is a general result since one can work out from the necessary conditions
the expression H2 = 8πρtotal/3 which is simply the first Friedmann equation. The corresponding
model functions, or the cubic Horndeski theory, for the plots in figure 2 are shown in figure 3 for
radiation, matter, and cosmological constant dominated perfect fluids. These models represent the
only three cubic Horndeski theories with vanishing scalar current that can describe ΛCDM’s picture
of the universe evolution. The dark energy equation of state for these theories are shown in Fig. 4.
It is shown that even though baryonic matter and radiation cosmic fluids can fit ΛCDM’s Hubble
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Figure 2. (a) Scalar field kinetic densityX , (b) perfect fluid energy density ρ, (c) dark energy density, and (d)
total energy density for baryonic matter (w = 0), radiative (w = 1/3), and vacuum (w = −1) perfect fluids in
cubic Horndeski theory for the ΛCDM scale factor evolution displayed in Fig. 1.
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Figure 3. Cubic Horndeski models for matter (w = 0), radiation (w = 1/3), and vacuum (w = −1) equations-
of-state in cubic Horndeski for the ΛCDM scale factor evolution displayed in Fig. 1.
parameter to a cubic Horndeski theory it is only the vacuum dominated cosmic fluid that can arrive
at a dark energy equation of state wφ that is close to −1 today.
3.7 Nondynamical dark energy
As a final application of the recipe, we show that there is no cubic Horndeski theory with vanishing
scalar current that can be assigned to a nondynamical dark energy equation of state wφ = −1. Also,
apart from this case, we derive the only other scale factor which cannot be accomodated within the
theory Eq. (2.8) with vanishing scalar current.
For a general kinetic gravity braiding, the expression for the dark energy equation of state (Eq.
(3.21)) can be reduced to Eq. (3.61) for the subset of the theory given by Eq. (2.8) with vanishing
scalar current. It is possible to show that the dark energy equation of state can also be written down
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Figure 4. Dark energy equation-of-state, as a function of the comoving time and z + 1 where z = 1/a− 1 is
the redshift, for the cubic Horndeski theories in Fig. 3.
as
wφ = −1− 1
3H
X˙
X − 2Λ . (3.75)
A nondynamical wφ = −1 therefore implies that X˙ = 0 for all time. This implies that the kinetic
density X of the scalar field is a constant. Thus, we cannot invert the expression X(t) and there is
no way to make Eq. (3.28) consistent with the rest of the field equations. This means that there is
no cubic Horndeski theory with vanishing scalar current that can be associated with a nondynamical
dark energy equation of state wφ = −1. In section 3.2, we have attempted to build a nondynam-
ical dark energy equation of state by choosing the matter source as a cosmological constant. This
attempt has only lead to freezing the scalar field, turning its energy to a constant, so that it becomes
indistinguishable from the matter cosmological constant with the equation of state w = −1.
It can be insightful to compare Eq. (3.75) to the dark energy equation of state of quintessence
w
quintessence
φ = −1 +
2X
X + V
. (3.76)
In quintessence, the dark energy field resembling a cosmological constant fluid in GR can be achieved
with the slow-roll scalar fields, i.e. X is small. For cubic shift-symmetric Horndeski theories with
vanishing scalar current, the dark energy field instead has to satisfy the condition X˙ is small to look
like GR’s cosmological constant fluid.
If the dark energy equation of state is therefore constrained towφ = −1 by observation, the most
that we can insist from a shift-symmetric cubic Horndeski theory with a vanishing scalar current is
that the dark energy equation of state be equal to wφ = −1 today. It is, in fact, possible to formulate
an alternative version of the recipe in which one supplies first the function w(t) and then, from
this input, develops the Hubble parameter, energy densities, and the cubic Horndeski theory. This
alternative version begins with
wφ = −1− 1
3H
d
dt
ln
(
8πa−3(1+w) − 3H2
)
. (3.77)
The first step of the alternative recipe supplies wφ(t) into Eq. (3.77) and then from this solves for
the scale factor a which is related to the perfect fluid density as ρ = a−3(1+w). The subsequent steps
are then the same, i.e. determine the kinetic density X using Eq. (3.59) and then build the cubic
Horndeski theory using Eq. (3.28).
Finally, we address the deeper question: “what are the other Hubble parameters or scale factors
that cannot be accomodated in cubic shift-symmetric Horndeski theory with the vanishing scalar
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current?" We answer this question by going back to the expression for X given by Eq. (3.59). The
general case that cannot be accomodated within the theory falls under the space of solutions described
by the constraint
3H2 = 8πρ− Q
2
(3.78)
where Q is a constant. This is simply the first Friedmann equation but with the dark energy density
equal to a constant. Thus, in general, a nondynamical dark energy sector is incompatible with the
theory. Within the constraint of Eq. (3.78), it can be shown that the corresponding scale factor
oscillates and is given by
a(t) = a0 cos
2/3(1+w)
(√
3Q
8
(1 + w) (t− t0)
)
. (3.79)
The evolution described by Eq. (3.79) cannot be accomodated within the theory given by Eq. (2.8)
with vanishing scalar current.
4 Conclusions
The strong possibility that tensor perturbations propagate at the speed of light for all practical redshifts
has dramatically reduced the landscape of viable alternative gravity theories, including Horndeski
theory [5, 66–71], for cosmological applications. A reaffirmation of luminally-propagating tensor
perturbations from LISA - a future space-based gravitational wave observatory that works in the
frequency band 10−4−10−1 Hz - will put to rest any further question about the speed of gravitational
waves in the effective field theory of gravity [98]. Nonetheless, the space of viable Horndeski theories
(and beyond) remain rather large, even with the imposition of numerous additional cosmological
constraints [71–78]. In this paper, we provide a tool for directly associating cubic shift-symmetric
Horndeski theories with observations of the Hubble evolution.
More, specifically we have presented a method (Section 3.4) that tailors a cubic shift-symmetric
Horndeski theory (with vanishing scalar current) to a flat FRW spacetime with almost any given
cosmological dynamics. This method extends ideas first applied in the search for hairy black hole
solutions within the same Horndeski sector [96]. We have illustrated this method by obtaining exact
analytical solutions and cubic Horndeski theories for inflation (Section 3.2) and power-law expanding
universes (Section 3.5). We have also shown that ΛCDM’s picture of the universe’s evolution can be
fitted to a cubic Horndeski theory with only a single component of cosmic fluid (Section 3.6) and
that it is not possible for a cubic shift-symmetric Horndeski theory with vanishing scalar current to
accomodate a theory with a nondynamical dark energy equation of state wφ = −1 (Section 3.7). This
and an oscillatory scale factor given by Eq. (3.79) are the only cosmological dynamics that cannot be
accomodated within the sector (Section 3.7).
A nice feature of our approach is that, because it is based on model-independent necessary con-
ditions, it selects the only compatible cubic Horndeski theory for a given Hubble parameter evolution.
In contrast to the static and spherically-symmetric case [96], Eq. (3.58) is a linear differential equa-
tion for a and ρ so that the set {a, ρ, ρφ} describing a cosmological scenario can be uniquely assigned
to a cubic Horndeski theory GX .
The Horndeski sector we explore here is special in that only the free function GX appears
in its field equations. This is the same sector that we previously investigated in seeking out hairy
black holes in Horndeski theory [96]. An attempt to obtain similar model-independent necessary
conditions for flat FRW solutions in other Horndeski sectors is more challenging. For instance,
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in shift-symmetric k-essence, K and its first derivative KX enter the field equations through the
scalar field energy density and pressure given by Eqs. (3.19) and (3.20). The situation is a lot more
complicated for the quartic and quintic sectors of Horndeski theory since even second derivatives of
the model functions appear in the expression for the scalar current. For these cases, the condition of
vanishing scalar current appears too restrictive for a similar reduction of the equations. Our results are
quite similar to what is already known with quintessence models. Though for our case, the required
inversion of a cosmological dynamics to get the Horndeski model function GX (cf. quitessence’s
potential V ) is entirely algebraic.
A natural direction to take from here is to square the cubic Horndeski theories presented in this
paper with solar system screening tests [21–27] and cosmological observations [80–87]. The exis-
tence of Vainshtein screening in galileon gravity is well-known and the question of its applicability
and other screening mechanisms to cubic Horndeki with vanishing scalar current is something that
we intend to address in a future paper. One potentially useful framework for testing Horndeski theo-
ries against cosmological observables has been laid down as the effective field theory of dark energy
[80–87]. In this approach, the background dynamics is reduced to a set of constant coefficients in
front of the perturbations and the analysis is carried out agnostic of the background, i.e. an explicit
scale factor, scalar field, and Horndeski model, for generality. It is interesting to see how cosmologi-
cal perturbations grow on top of our background solutions. This is another venture that we intend to
return to in the future.
A Some geometric objects in FRW
Some of the scalar field and curvature quantities that follow from Eqs. (3.1) and (3.5) are
X =
φ˙2
2
(A.1)
∂αφ = δ
0
αφ˙ (A.2)
∂αφ = −δα0 φ˙ (A.3)
∇α∇βφ = δ0αδ0βφ¨− Γ0αβφ˙ (A.4)
✷φ = −φ¨− 3 a˙
a
φ˙. (A.5)
The nonzero Christoffel connections are
Γxtx = Γ
y
ty = Γ
z
tz =
a˙
a
(A.6)
Γtxx = Γ
t
yy = Γ
t
zz = aa˙ (A.7)
and the nonzero Einstein tensor components are
Gxx = Gyy = Gzz = −a˙2 − 2aa¨ (A.8)
Gtt = 3
(
a˙
a
)2
. (A.9)
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